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Abstract

Fatigue crack propagation is an undesirable phenomenon that may lead to
catastrophic failures in many components and structures, therefore it is important
to understand its underlying mechanics. To that effect, systematic parametric
studies of fatigue crack propagation laws are interesting to determine how fatigue
life varies with the constants that define the mechanical behavior of a given material
in a fatigue situation, such as the Paris’ law constants, fracture toughness (Kc) or the
stress range Aoc.

The parametric studies performed in the present work assess the influence of several
parameters, assuming that failure occurs when K>Kc, but also when all the material
ahead of the crack is yielding. It was found that m and C, the Paris’ law parameters,
are the most influential parameters in terms of fatigue life. The present study should
help future designers when choosing materials for components or structures
subjected to cyclic loads.
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1. Introduction

The durability of components is an increasingly important subject due to the environmental
impacts of less durable components that need to be frequently replaced, meaning that more
durable structures and components have to be made. However, making a component durable
is only part of the problem since, due to limitations in carbon emissions in transport industries,
it is also necessary to make components lightweight. So, nowadays engineers have to balance
these two factors and try to make components that are durable and lightweight, which can be
a challenge.

This is where fatigue mechanics serves as an important tool, emerging in the XIX century
(Schutz 1996) with works such as Albert (1838) and Wd6hler (1860), among others. According
to Stephens et al. (2001) there are four different ways to evaluate fatigue, the stress-life (S-N)
model, the strain life (-N) model, the fatigue crack growth model (da/dN-AK), and the two
stage model which combines the strain model and the crack growth model. This work focuses
on the fatigue crack growth model, combining Linear Elastic Fracture Mechanics (LEFM) with
fatigue by using the stress intensity factor (K), proposed by Irwin (1957), and Paris' Law (Paris,
Gomez, and Anderson 1961; Paris and Erdogan 1963).
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The threshold stress intensity factor (AKw#), and how it is influenced by different parameters,
was reviewed by Lawson, Chen, and Meshii (1999). It was concluded that it generally
decreases with increasing crack length (a) or stress ratio (R) (Bulloch 1991). Moreover, AKw
tends to decrease as yield stress (oy) increases, at least for steels (Ritchie 1979). The AK, can
be considered as a minimum K needed for the crack to grow under fatigue, even if in reality
cracks still grow below this value, but at a much reduced rate. This parameter was also
considered in the present work.

Parametric studies of Paris' law have been made (Butler and Rodriguez 1992; Minguez and
Vogwell 1993). These studies show how fatigue life changes with variations of several
constants characterizing material mechanical behavior, namely the Paris' law constants (m
and C) and the critical stress intensity factor (K;). However, those studies do not evaluate the
impact of other important parameters like the AKw, the dominant failure mechanism for
characterizing critical crack length — fracture or plastic collapse —, or even the various possible
forms of the relationship K = f{a, ...). These factors led to an interest in performing a study
evaluating the parameters that Butler and Rodriguez (1992) and Minguez and Vogwell (1993)
did not consider. Therefore, the present work aims at determining the influence of several
material and geometric parameters in the fatigue life using as a case study a finite plate with
a central crack.

2. Methodology
In a plate under mode | loading the K is determined using the following equation:
AK = YAo+vma (1)

with Y being the geometry factor of the problem, Ao is the stress range and a is the half-crack
length. In a plane with finite width (W) Y # 1 and is dependent on W (Minguez and Vogwell

1993):
, Ta ma~~1/2
Y sec > (cos ZW)

which means that the critical crack length (ac) can be obtained with the following equation:
-1/2

ma
K, = (cos Z_VI;) O max+/ ¢ (3)
ac  _ K2 a

cos 2—3\; OfaxTl

Omax being the maximum stress applied to the plate. Paris’ law, proposed in the early 1960s
(Paris, Gomez, and Anderson 1961; Paris and Erdogan 1963), relates AK with the crack growth
rate as follows:

da
— = C(AK)™ (5)
N (AK)
For the finite width plate this can be rearranged to write as follows:
mta \ ™2
1 COS 5777
dN = _[—2¥ ) 4q (6)
C(Aovm) a

The integration of this function can be performed using a summation, which results in
negligible errors given that the chosen crack increment (Aa) is small enough. The analysis of
fatigue life in a finite plate with a crack can be enhanced by considering that the plate can also
fail due to reaching yield in the whole region of material ahead of the crack, grey band in
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Figure 1. Using a simplified approach, the average stress in that region can be defined by the
relationship between the plate width and crack length as follows:
|14
Oac = Gmaxm (7)
After some transformation, and considering that this stress has to be equal to the oy of the
material to have general yielding causing failure, the crack length at which this occurs (ay) can
be defined as:
ay = oyW — opmaxW @)
Oy
Similarly to K¢, AK: can be defined as:
-1/2

Ay
AK;, = (cos ZW) Ao,/mag, (9)
This can then be transformed to find the minimum crack length to exceed AKi (ath):
ath  _ K, (10)
cos 7T2f]1/ch OfnaxTl
For a given ap the corresponding load where AK < AK:, can also be determined:
AK Ta
Aoy, = —= |cos—> (11)

W

Figure 1: Finite plate under stress loading

3. Results

3.1. Finite plate

Initially, the influence of W on a. was checked and is displayed in Figure 2, showing that for
low K¢, relative to Ao, W has a negligible influence on a, but as K. increases the difference on
ac caused by W starts being noticeable. It is also noted that as W is increased the increases on
ac resulting from it start being smaller and smaller, for example the difference between W =
1000 mm and W = 10000 mm is much smaller than the difference between W =100 mm and
W =200 mm. Another conclusion that can be drawn from this figure is that a. tends to reach
a plateau corresponding to W as K./Ao increases.
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Figure 2: Critical crack length as a function of Kc

In the parametric study conducted for the finite plate case the default values are: W = 100
mm; Ao = 100 MPa; m = 2.5; C = 1x10%; K. = 3000 N/mm?3/2; ap = 10 mm. One at a time, these
values were changed to determine their influence on the number of cycles before failure.
Figure 3 shows the crack evolution with number of cycles varying W and Ao, with “x” marking
failure caused by reaching a.. The Ao has a much larger influence than W on the number of
cycles before failure and crack evolution. For lower Ao changes to it are more significant both
in crack evolution and cycles before failure but change a. slightly, when compared to changes
in Ao for high Ao. Crack growth tends to start small and then it increases exponentially, which
is expected since Paris’ law predicts a crack growth rate increase with crack size increase. In
Figure 3(a), the comparison between W = 10000 mm and W = o= also shows that the crack
increment used to perform the integration by summation is sufficiently small that the error
due to this approximation is also small.

The analysis of Figure 4 shows that m has the largest influence in Ny when compared to the
other parameters for high loads, low cycle life. However, C also greatly influences fatigue life,
and for lower loads it is more influential than m. For both m and C smaller values result in
higher Ny, and the inverse happens for higher values of m and C.
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Figure 3: Crack evolution for different (a) W, (b) Ac
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There is a Ao plateau, if Ao is higher than that the plateau supports no cycles, this plateau is
increased by increasing K. or decreasing ao, and it is decreased by the opposite changes to Kc
and ao. This is due to Equation (4), by replacing a. with ap and rearranging it is possible to
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Figure 4: Number of cycles until failure as a function of the stress range, with
varying (a) m, (b) m, (c) Kc, (d) a0, (e) W

determine the Ao at which the plateau occurs:
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[cos 0
K. |cos W (12)

ma,

Acp =

which corresponds to a load that makes the crack start propagating unstably, causing failure,
after just one load. K¢ has an influence in the number of cycles before failing only for Ao > 100
MPa, having minimal effect for loads lower than that. Figure 4 shows the effect of plate width,
which is much smaller than the effect of the other parameters, and for high loads it is
approximately non-existent.

3.2. Finite plate considering K:» and general yielding

In the parametric study conducted for the current case the default values are: W =100 mm;
Ao =100 MPa; m = 2.5; C = 1x10°%%; K. = 3000 N/mm3/2; ap = 10 mm; Ki = 400 N/mm?3?; oy =
300 MPa. One at a time, these values were changed to determine their influence on the
number of cycles before failure.

Figure 5 shows how a., ayand a:», evolve depending on the load applied, for the default values.
For a given Ao failure will occur due to ac or ay being reached, whichever is lower. For W = 100
mm failure will always occur due to ay being reached, however, for larger W failure occurs due
to ay being reached for low loads, then it occurs due to ac being reached, and finally it occurs
again due to ay being reached. As W increases the region where it occurs due to a. being
reached also increases. Regarding as, it is approximately the same for all W tested when the
Ao > 50 MPa if ap< 10 mm the crack would not grow for Ao < 70 MPa, regardless of W.

Figure 6 shows the crack evolution with number of cycles varying W and Ao, with “x” marking
failure caused by reaching a., “0” marks failure caused by general yielding and diamond marks
the threshold crack length. By testing different W it is visible that for small W failure is
generally due to general yielding, but as W increases the cause of failure starts being K:
instead. For the default W =100 mm failure is always due to general yielding regardless of Ao
applied to the plate, it is also interesting to note that for low Ao the crack would not propagate
according to Paris’ law using ap = 10 mm, but if the initial crack was higher it would obey Paris’
law, as was expected from Figure 6. For W = 300 mm failure starts out by being due to yield
for low loads, but as they increase failure is due to K; being exceeded, this change from one
criterion to the other happens at Ao = 60 MPa, however, failure is again dictated by general
yielding when the loads start approaching oy, as was expected from Figure 6.

The parametric tests presented in Figure 7 are similar to Figure 4 of the previous section,
however the Ao plateau occurs at a lower level because for the default oy= 300 MPa the Ao,
that can be determined using yield is lower than the plateau that can be determined using K.
It is also important to note that in the places where the curves bellow the dashed line AK < Kt
meaning that crack growth does not obey Paris' law, generally growing more slowly than it.

Figure 7(c) shows clearly that for the default parameters chosen failure is determined by
general yielding and changing K. does not affect the number of cycles before failure. Given
that, different oy were tested to determine at which point failure would be determined by K.
in Figure 7(f), from that it was concluded that failure starts being solely determined by K:
regardless of Ao when oy > 600 MPa in this case, however if K. was lower this would happen
sooner and the inverse would be verified if K. was higher.
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In this case there is also a Ao plateau, which can either be caused by K; being reached at ay, or
be caused by general yielding at ao. In the first case Equation (12) can also be used, in the
second case the following equation is used:
WGY - aocy

Ao, = —w (13)
whichever of those two values is lower will be the Aop.
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Figure 6: Crack evolution for different (a) W, (b) Ac with W = 100, (c) Ac with W =
300
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Figure 7: Number of cycles until failure as a function of the stress range, with
varying (a) m, (b) m, (c) Kc, (d) a0, (e) W, (f) oY
4. Conclusions
This work presents a parametric study of fatigue crack propagation and resulting life for a
plate with finite width and a central crack. The study shows that the Paris' law parameters m
and C have a significant effect when compared to K. and ag, which have a significantly smaller
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effect. Interestingly W does not have a significant effect on life, at least when W/ap > 10 and
only failure due to crack growth is considered, so the infinite plate, which is much simpler
mathematically, could be used to approximate the finite plate without affecting life
predictions much. By considering general yielding as a failure criterion, it was verified that
with high stresses failure could either be limited by oy or K. depending on their values.
However for low loads, Ao < 100 MPa, there is not a big difference regardless on K. or oy.
The parametric study performed shows that to extend the fatigue life of a given component it
is important that the material chosen has a low m and C, the Paris' law parameters, and for
components subjected to relatively high stresses it is also important to ensure that oy is
sufficiently high to prevent rupture due to general yielding.
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